SCHUR TYPE FUNCTIONS ASSOCIATED WITH 
POLYNOMIAL SEQUENCES OF BINOMIAL TYPE 
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Abstract. We introduce a class of Schur type functions associated with polynomial 
sequences of binomial type. This can be regarded as a generalization of the ordinary 
Schur functions and the factorial Schur functions. This generalization satisfies some 
interesting expansion formulas, in which there is a curious duality. Moreover this class 
■"sj" ■ includes examples which are useful to describe the eigenvalues of Capelli type central 

elements of the universal enveloping algebras of classical Lie algebras. 
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In this article, we introduce a class of Schur type functions associated with polynomial 
sequences of binomial type. Namely, inspired by the definition of the ordinary Schur 
function det(xJ'+^~')/ det {x^ we consider the following Schur type function: 

00 I Here {pn{x)}n>o is a polynomial sequence of binomial type. This can be regarded as a 
^ ' generalization of the ordinary Schur functions and of the factorial Schur functions ( [BL] . 
^ . |CL] ). We also consider the following function: 

O ■ det(pt ))/det(p^_,(x,)). 

. Here we put = x~^pn+i{x) (this is a polynomial, and satisfies good relations; see 

Section II. 3p . The main results of this article are some expansion formulas for these 
functions and their mysterious duality corresponding to the exchange p* (x) and 

^ ■ the conjugation of partitions (Sections 3-6). Most of them are proved by elementary 
^ ! and straightforward calculations. Besides these results, we also give an application to 
representation theory of Lie algebras (Section 8). 

Let us briefly explain this application. The factorial Schur functions are useful to ex- 
press the eigenvalues of Capelli type central elements of the universal enveloping algebras 
of the general linear Lie algebra (more precisely, we should say that the "shifted Schur 
functions" are useful; by the shift of variables, the factorial Schur functions are trans- 
formed into the shifted Schur functions ( |UUlj . [O])). In this article, we aim to introduce 
similar Schur type functions which is useful to express the eigenvalues of Capelli type 
central elements of the universal enveloping algebras of the orthogonal and symplectic 
Lie algebras. This aim is achieved in the case of the polynomial sequence corresponding 
to the central difference. This case associated with the central difference is also related 
with the analogues of the shifted Schur functions given in |002j . which were introduced 
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with a similar aim. Moreover, from this investigation of eigenvalues, we see the relation 
between following two central elements of U{on) and U{spj^) (Theorem I8.6p : (a) the cen- 
tral elements in terms of the column-determinant and the column-permanent given in jWj 
and (b) analogues of the quantum immanants given in |002j . Our class is a natural 
generalization of the Schur functions containing these interesting functions related with 
the classical Lie algebras. 

Various generalizations are known for the Schur functions. Many of them are obtained 
by replacing the ordinary powers by some polynomial sequence (further generalizations 
are known; see |M2] ). In particular, the generalization associated with the polynomials in 
the form p„(x) = nfc=i(^ ~ (^k) is well known |Mlj . and this contains the factorial Schur 
function. In this article, we consider another generalization which is not particularly large 
but includes interesting phenomena and examples. 



First, we recall the properties of polynomial sequences of binomial type. See [MR] , [R] , 
[RKOj . and [S] for further details. 

1.1. We start with the definition. A polynomial sequence {pn{x)}n>o in which the degree 
of each polynomial is equal to its index is said to be of binomial type when the following 
relation holds for any n > 0: 



Let us see some examples. First, the sequence {x"}„>o of the ordinary powers is of 
binomial type, because we have the relation 



(the ordinary binomial expansion). As other typical examples, some factorial powers are 
well known. We define the rising factorial power and falling factorial power x- by 

= x{x + 1) ■ ■ ■ {x + n - 1), x- = x{x - 1) ■ ■ ■ {x - n + 1). 

Then {x"'}n>o and {x-}n>o are also of binomial type. Indeed the following relations hold 



It is easily seen that p„(0) = 6nfi, when {pn{x)}n>o is of binomial type. 

1.2. A natural correspondence is known between polynomial sequences of binomial type 
and delta operators |RKO] . 

We recall the definition of delta operators. A linear operator Q = Qx'- C[x] C[x] is 
called a delta operator when the following two properties hold: (i) Q reduces degrees of 
polynomials by one; (ii) Q is shift- invariant (that is, Q commutes with all shift operators 
E"": f(x) (— > f{x + a)). A typical example is the differentiation D = Moreover the 
forward difference A+ and the backward difference A~ are delta operators: 



1. Polynomial sequences of binomial type 





fc>0 



([ME!, [EKO]): 




f{x)^f{x+l)-f{x) 



A-: f{x)^f{x)-f{x-l). 
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Every delta operator can be written as a power series in the differentiation operator D of 
tfie following form with ai, 02, . . . G C, ai 7^ 0: 

Q = aiD + a2D^ + a^D'^ + ■■■ . 

There is a natural one-to-one correspondence between these delta operators and poly- 
nomial sequences of binomial type. These are related via the relation 

(1.1) Qpn{x) =npn-l{x). 

Namely, for a polynomial sequence of binomial type {Pn{^)}n>f)i the linear operator 
Q : <C[x\ — > <C[x\ determined by (11. II) is a delta operator. Conversely, for any delta opera- 
tor Q, a polynomial sequence {p„(a;)}„>o is uniquely determined by (II. ip and the relation 
Pn(0) = 5„,o, and this sequence is of binomial type (these are called basic polynomials) . 

For example, the differentiation D = corresponds to the sequence {a:"'}„>o, because 
Dx^ = nx"''^. Similarly, the forward difference A'*' and the backward difference A~ 
correspond to the sequences {x-}n>o and {x"'}n>o, respectively: 

A-x^ = nx^, A+x^ = nx^. 

1.3. There is another interesting polynomial sequence associated with a polynomial se- 
quence of binomial type. For a polynomial sequence {pn(a;)}n>o of binomial type, we 
put 

This is a polynomial, because the constant term of Pn+i {x) is equal to if > as seen 
above. This Pn{x) satisfies the following relations (we can prove this by induction). In 
other words, {Pn{x)}n>o is a Sheffer sequence [R]. 

Proposition 1.1. We have 

QP*n{x) = np*^_^{x), Pn{x + y) = i^]pk{x)Pn-k{y) = Yl [I) Pki^)Pn-k{y) ■ 

k>0 ^ ^ fc>0 ^ ^ 

These polynomials can be extended naturally for n < as elements of C{{x~^)) = 
{'l2k<n^kx'' \ ak E C, n E Z}. Namely we have the following proposition (this is also 
proved by induction): 

Proposition 1.2. Let Q be a delta operator. Then there uniquely exist {pn{,x)}nez and 
{Pnix)}n& satisfying the relations 

QPn{x) = npn-l{x), Qp*n{x) = np*^_^{x), Pn+l{x) = Xp*^{x) 

and 



Pnix + y) = Y[l) 

k>0 ^ ^ 

Pni^ + y) = Y [l)Pki^)Pn-kiy) = Y 



Pkix)pn-kiy) 

\ k: / 

k>0 



Pk{^)Pn-k{y)- 



k>0 ^ ^ k>0 

Here we regard the last two relations as equalities in C[x]{{y^^)) . 
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Note that pl,i{x) must be equal to x~^, because = ^0(2;) = 1- Thus, this 

extension is unique. 

From now on, we denote these polynomials associated with the delta operator Q by 
Pnix) = p^{x) and p* (x) = p*^{x). 

The polynomial Pn{x) is not a mere supplementary object, but plays a role as important 
as pn- We will exhibit some dualities between these two polynomials. 

1.4. Consider the following operator: 

We can easily see that RxP%{x) = Pk{x), and is invertible and shift-invariant. Let us 
put p^^\x) = R^pkix) for a G Z, so that p[, ^\x) = pl{x). As seen by induction, this 
p^k\^) satisfies the relation 

pl:^'\x + y) = Y,(fjp^:Ux)pt\y). 

In the case of Q = A+, this operator maps f{x) to f{x + 1) (that is, pn\x) = 
(x + a — l)-), and this is an algebra automorphism on C[x], but this is not true for general 
Q. See also Remark in Section [2l 

1.5. In the remainder of this article, we assume that Q is normalized in the sense that 
the coefficient of D is equal to 1: 

Q = D + a2D^ + ag/^^ + ■ ■ ■ . 

Under this assumption, the associated polynomials = p^{x) and p*(a;) = p*^{x) 

become monic. Conversely, the delta operator associated with a monic polynomial se- 
quence of binomial type is automatically normalized. Thus the following assumptions are 
equivalent: (i) Q is normalized; (ii) p^{x) is monic; (iii) p^{x) is monic. This assumption 
is not an essential one, but merely for simplicity. 

1.6. Let us see some fundamental examples. 

(1) In the case Q = D = we have Pn{x) = and Pn{x) = x". 

(2) In the case Q = A+, we have = x-, and hence p* (x) = {x — 1)-. 

(3) In the case Q = A", we have J9„(x) = x", and hence p^(x) = (x + 1)". 

(4) We define the central difference by 

AV(x) = /(x + i)-/(x-|). 

This is also a delta operator. In the case Q = A°, we have p^(x) = x-. Here we put 

x^=(x + ^)(x + ^)---(x-^). 

Hence, Pn{x) is expressed as Pn{x) = x ■ x-. This is seen by a direct calculation. 

See [R], |RKO] . and [S] for other examples (Abel polynomials, Laguerre polynomials, 
etc.). 
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2. Definition of Schur type functions 

Let us define our main objects, the Schur type functions associated with a polyno- 
mial sequence of binomial type. Let Pni^) — Pni^) Pni^) ~ Pt?{^) be polynomials 

corresponding to a normalized delta operator Q. 

For A = (Ai, . . . , Ajv) G Z^, we consider the following determinants: 



det 



s*^{xi, ...^xn) = det 



(px^+N-i{xi) . 

PX2+N-2{xi) . 
/PAi+7V-l(a^l) • 



Px^+n-i{xn)\ 

PX2+N-2{xn) 

Px,,+q{xn) J 

PAi+7V-l(a^^)\ 
PI,+N-2{xn) 



\ pL+o(^i) • • • PL+o(^iv) / 



We regard these as elements of 



E 



QA:i,...,A;jv-^1^ ' ' ' -^JnT 



, ki<ni,...,kN<n]si 



aki,...,kN e C, ni, . . . ,nAr e Z 



It is easy to see that these two determinants are alternating in Xi, . . . ,xn- Moreover, 
when A = 0=(O,...,O), these are equal to the difference product: 

(2.1) s'^{xi, . . . ,xn) = sl'^ixi, . . . ,xn) = A{xi, . . . ,xn) = Y\. (xi-Xj). 

l<i<j<N 

Indeed, we can transform these to the ordinary Vandermonde determinant by elementary 
row operations, because Pn{x) and Pn{x) are monic. Having noted this, we consider the 
following functions: 

s^ixi, . . .,xn) = s'^ixi, . . . ,xn)/s'^{xi, . . .,Xn), 
s*^{xi, ...,xn)^ s*^{xi, xn)/sI^{xi, . . . , Xjv). 



If Q = D, these are equal to the ordinary Schur functions. We can easily see that they are 
symmetric functions for any delta operator Q, and their highest degree parts are equal to 
the ordinary Schur function. 

Prom now on, we omit the superscript Q, when it is clear from the context. 

The functions sx and are polynomials, if Ai, . . . , Xn > 0. When A = (Ai, . . . , A;v) 
is a partition, namely when Ai > ■ ■ ■ > Ajv > 0, we can regard A as a Young diagram. 
In this case, the polynomials sx (respectively, s\) form a basis of the space of symmetric 
polynomials. 

We can also consider the counterparts of elementary symmetric functions and complete 
homogeneous symmetric functions (note that hk and hi can be defined even if /c is a 
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negative integer): 



efc(xi, . . 


.,Xn) 


= S^ik){xi, . . 


■ • , a; at), 


el{xi,.. 


.,Xn) 


= S(^fe)(a;i, . . 


, .,Xn), 


hk{xi, . . 


.,Xn) 


= . . 


.,Xn), 


Kixi,.. 


■ , Xn) 


= ■5(/c)(^i5 • • 


.,Xn)- 



Here we used the abbreviation 

mi times m„ times 

) ■ ■ ■ ) Ori ") ~ (ctl,...,ai,..., (In J • • • ) '^n; 

0,...,0). 

These functions are not equal to the ordinary elementary symmetric functions and the 
ordinary complete symmetric functions in general, but there are two exceptions. Namely 
Cat and h*_^ are independent of {pn{x)}. 

Proposition 2.1. We have 

eN{xi,. . ., xn) = xi-- ■ xn, h*_j^{xi, . . . , xn) = • 

Xi- ■ -Xn 

This is easy from the following more general relation: 
Proposition 2.2. We have 

S{Xi,...,\j^)ixi, . . .,xn) = ■S(Ai-i,...,Aiv-i)(^i' • • • ^^n) ■ Xi - ■ -Xn- 
This is immediate from 

S(Ai,...,Ajv)(a;i, . . . , Xtv) = S(Ai_i,...,Ajv-l)(^l' ■ ■ ■ , Xn) ' Xi ■ ■ ■ Xn- 

The following relation between s and s* is also confirmed by a direct calculation: 
Proposition 2.3. When Aj > 0, we have 

«(Ai,...,Ajv)(^l' ■■■,Xn) = S(Ai,...,Ajv)(a;i, ■■■,Xn, 0). 

Remark. The shifted Schur function is defined as follows |001] : 

detiixj + N- det((x,- + - j)— )• 

In the case of Qx = A^, we have = x-, and Rx = [Qx, x] = QxX — xQx is equal to 

the algebra automorphism /(x) i-^ f{x + 1). Thus this function can be expressed as 

det(pi7+lU(x,0)/det(p!v^7)(x,0) 

= ■■■Rl^ detip,^^N-^ix,))/ detipN-^ix,)). 

Noting this and Proposition I2.3[ we can naturally consider the projective limit of this 
function. This is an advantage of considering the shift Xj ^ Xj + N — j . 

How about the case of an arbitrary delta operator Qx? In general, we do not have 
such a good relation, because Rx is not an algebra automorphism (thus this is not a 
polynomial in general, even if A is a partition). Thus it does not seem easy to consider a 
natural infinite- variable version for general Qx- 



schur functions for polynomial sequences of binomial type 7 

3. Expansions of Schur type functions 

For the Schur type functions defined in the previous section, we have the following 
expansions (this can be regarded as a generalization of Example 10 in Section 1.3 in 

my- 



Theorem 3.1. For Ai > A2 > ■ 


■ ■ > Aat, 


we have 






Sx{Xi +u,... 


.,xn + u] 




)Sf,{Xi, . . 


. . ,Xn 


sl{xi +u,... 


.,xn + u] 


AtCA 


)S*^{Xi,.. 


■ ■ ,Xn 




.,xn + u] 


AiCA 


)S^{Xi, . . 


■ . ,Xn 



as equalities in C[u]{{xi ^, . . . , Xj^^)). Here fx runs over jj, = (/ii, . . . , /iat) such that 

/il > > ■ ■ ■ > /iTV, yUl < Ai, . . . , /iAT < Aat, 

and dx^iu) and d\^{u) are defined by 

Xi + N-i ' 



To prove this, we use the Cauchy-Binet formula: 
Proposition 3.2. We have 

det(AE)(i^,...,i^),(j^,...j^) = X det A(i^^,„^i^)^(ri,...,T,,) det B^ri,...,T,,),{n,...,jk)- 

l<ri<--<rk 

Here we put j^.) = {xi^jji<a,b<k for a matrix X = (xij). Note that this holds 

when the multiplication is defined, even if the sizes of these matrices are infinite. 

Proof of Theorem \3.1\ We put U = \i + N — and consider the matrix 

/pi^{xi+u) ... pi^{xn + u) 

\PIn (xi+u) ... pi^ {xn + m)/ 
The (i, j)th entry pi^Xj + u) can be expanded as 
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Thus A is expressed a.s A = BC with the N x oo matrix B and the oo x N matrix C 
defined by 

/ (o>o(n) ...\ 



B 



C=\Pii-i{xi) Ph^i{x2) ... Pi,-i{xn)\. 



Applying the Cauchy-Binet formula (Proposition 13.21) to this, we have 

SxiXi + U, . . . ,X]\f + u) 

= detA 

I 

L- 
l 



• det 



/ ik\)Ph~M {i^\)pi,-kAu) 
{iJ\)Ph-kAu) {iJ\)Ph-M 

/PkiiXl) Pki{x2) ... Pki{xN)\ 
PkiiXl) Pk2{x2) ... PkiixN) 

■ Pk„{xN)/ 



{h-\JPh-kAu)\ 



L-k>.-'^MJ 



\Pk„{xi) Pk^{x2) 
^(iA^(M)s^(Xi, . . .,Xn)- 



Here, the first sum is over ki, . . . ,k]^ satisfying ki < li and ki > ■ ■ ■ > k^, and the second 
over /ii, . . . , /iTv satisfying /ij < Aj and /ii > ■ ■ ■ > fiN (we define Hi hy k^ = Hi + N — i) . 
Dividing this by A(xi + u, . . . + u) = A(xi, . . . , xjy), we have the assertion. □ 

It is interesting to consider the following variant of dx^{u) when A and fi are partitions: 



dx^,{u) = , — = det [p^x. 



Here we put p(„)(x) = ^pn{x) suggested by the notation of divided power x*^"^ = ^a;"'. It 
is easily seen that dxf_i{u) is independent of A^, though dx^{u) depends on A^. Namely, dx^ 
does not change, even if we append some zeros at the ends of A and /i. For this dxfi{u), 
the following duality holds: 

Theorem 3.3. For two partitions A and fi, we have 

dx,{u) = (-)I^i-i^iJav(-«)- 

Here A' and fi' mean the conjugates of A and fi, respectively. 

This theorem follows from Theorem 16.11 below. It can also be deduced from the fol- 
lowing relation (essentially the same as (2.9) in |Mlj ). because ^fc>oP(A:)(w)p(n-fc)(— = 

P(n)(0) = ^n,0- 



w)l<i.,- 
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Theorem 3.4. Assume that sequences {cfc}A;>o and {c'^}fc>o satisfy the relations Cq = 
Cq = 1 and X]fc>o(~)^'^fc'^n-fc ~ ^n,o- Then, for two partitions X and fi, we have 

Here we interpret c„ and as for n < 0. 

4. Expansions of e and h 

The expansion formulas for the functions Ck, el, h^, and have more interesting 
aspects. Some of these formulas are deduced from the results in the previous section 
as special cases, but the others are not, and we observe a mysterious duality in these 
formulas. For simplicity, we introduce the following notation: 

hk{xi, xn] u) = hk{xi + u, . . . ,xn + u), 

hl{xi, ...,xn;u) = hl{xi +u,...,xn + u), 

ek{xi, ...,xn;u) = ek{xi - u, . . . ,xn - u), 

el{xi, . . . ,xn]u) = el{xi - u, . . . ,xn - u). 
These can be expanded as follows: 
Theorem 4.1. For k > 0, we have 

ek{xi,...,XN;u) = '^( ^ ^\ ^\ei{xi,...,XN)Pk-i{u) 

ef,{xi,...,XN;u) = 2_^{ ^_ jei{xi,...,XN)Pk-i{u). 
Theorem 4.2. For k > 0, we have 

.K.,...,.„.)^5:(":!rO"'<— 

z>o ^ 

Comparing these two theorems, we observe a duality corresponding to the exchanges 
e ^ h* and e* h. Note that the following are not equalities in general: 

e:(..,...,.„;.)/5:(-7*-l)e,(.....,.„)pU«). 

hkixi,...,XN;u) y^^(^ jh^{xi,..., xn)pI-i{u). 

Theorem 14.21 can be extended for negative integers k as follows: 
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Theorem 4.3. For k eTj, we have 



Z>0 ^ ' 



Z>0 

Theorem 4.4. For A; G Z, we iave 



iV + A;-l 



hk-i{xi, . . .,xn)pi{u), 



hk{xi, . . . ,xn]u) = y^( 
hl{xi, ...,xn;u) = ^(^^^ jhl_i{xi, xn)pi{u) 

l>0 ^ ^ 

We can prove Theorems I4.2H4.4I easily in a way similar to the general expansion Theo- 
rem I3.1[ The proof of Theorem 14.11 is as follows: 

Proof of Theorem H.li First we prove the case oi k = N . Noting (12.11) . we have 

S(liV)(Xi - M, . . . ,Xiv - U) 

(Pn{xi-u) ... PN{xN~Uy 
: : 

Pi{xi-u) ... Pi{xn-u) 

/P*N-1 (Xl-U) ... P*N_i{xN - Uy 

= {xi — u) ■ ■ ■ {xn — u) det I \ \ 

V Poixi -u) ... p*{xn-u) 
= {xi — u) ■ ■ ■ {xn — u)A{xi — u, . . . ,xn — u) 
= (xi - m) ■ ■ ■ (xn - u)A{xi, ...,xn) 
= A(xi, ...,xn,u) 

(Pn{xi) ... Pn{xn) Pn{uY 
■■ 
Pq{xi) ... Po{xn) Poiu), 

By the cofactor expansion along the last column, we see that this is equal to 

N 

^{-fs^lN-U){Xi, . . . , XN)Pk{u). 



k=0 
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Dividing both sides by the difference product A(xi — u, . . . ,xn — u) = A(xi, . . . , xn), we 
have 

ewixi - u, . . . ,xn - u) = ^{-)''pkiu)eN-k{xi, xn)- 

k>0 

Thus we have the assertion for k = N. 

The other cases are deduced from this. Indeed, on one hand, we have 

eAr(xi -u-w,...,xn -u-w) = ^{-ypi{w)eN-iixi - u, . . . ,xn - u), 

l>0 

and on the other hand 



eAr(xi -u-w,...,xn -u-w) = ^{-)''pk{u + w)eN-k{xi, Xn) 

k>0 

= ^^i-)'' (yjpiiw)pk-iiu)eN-k{xi, . . .,xn)- 

k>0 l>0 ^ ^ 

Comparing the coefficients of pi{w), we have the general case. □ 
The following relation for the delta operator is easy to deduce from these expansions: 

Corollary 4.5. We have 

Quhk{xi, . . . ,xn;u) = {N + k - l)hk^i{xi, ...,xn;u), 
QuKixi, . . . ,xn;u) = {N + k - l)/ifc„i(a;i, ...,xn;u), 
QuCkixi, ...,xn;u) = {-N + k~ l)efc_i(xi, ...,xn;u), 
Quclixi, ...,xn;u) = {-N + k- l)el_^{xi, ...,xn;u). 

5. Generating functions 

Combining Proposition 12.11 with the relations in the previous section, we have the 
following relations (put A; = iV in Theorem 14.11 and k = —N in Theorems 14.31 and 14. 4p : 

Theorem 5.1. We have 

{u - xi) ■ ■ ■ {u - Xn) = ^{-Yei^xi, xn)pn-i{u) 

= $^(-)'er(a;i, . . . , XN)PN-iiu). 



l>0 



Theorem 5.2. We have 

1 



[u + xi) ■ ■ ■ [u + Xn) 



-N-i 



^{-yhi{xi,...,XN)pl 
^{-yhi{xi, . . . , xn)p-n-i{u) 



Theorem 5.3. We have 

1 



[u + xi) ■ ■ ■ (u + Xn) 



l>0 

l>0 



^ ^(-Yf^^N-iixi, . . . , xn)Pi{u) 
^ ^(-Yf^-N-iixi, xn)pi{u). 



l>0 
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We can regard the left hand sides of these equahties as "generating functions" of e^, 
el, hk, and hi represented as sums of multiples of Pn{x) or p* (a;) instead of the ordinary 
power. 

Remark. The conclusion of Theorem 15.11 also holds, even if {pn{u)} is not of binomial 
type. Namely, if Pn{u) is a monic polynomial of degree n, we have 

(m - xi) • • ■ (m - xn) = ^(-)'ei(xi, . . . , xn)pn-i{u). 

l>0 

This is easily seen from the proof of Theorem 14.11 Similarly, the assertions of Theorems 15.21 
and 15.31 also hold, if p„(x) and Pn{x) are monic polynomials of degree n satisfying the 
relation 

= Y.^-fpk{x)pU-k{y) = J2^-)'pl{x)p-i-k{y). 

^ k>0 k>0 

6. Cauchy type relations 

The relations in the previous section can be generalized as analogues of the (dual) 
Cauchy identity. In this section, we often abbreviate a function f{xi, . . . ,xiy) simply 
as /(x). 

Theorem 6.1. We have 

n n (^^- -^^) = E(-)'"^A(^)^At(2/) = E(-)'"^A(^)^it(i/). 

l<j<Af l<j<N A A 

Here A runs over the Young diagrams satisfying depth(A) < M and depth(A') < A^. 
Moreover we dehne A^ by 

At = (iV - Am, N - Am-1, • • • , iV - Ai)'. 

Theorem 6.2. We have 

l<j<A/ l<j<Af ^-^ * A A 

in C[xi, . . . , XM]((yr^7 ■ ■ ■ ) J/tv^))- Here A runs over the Young diagrams A satisfying 
depth(A) < min(M, A^). Moreover we define by 

Xt = (_M - Xn, -M - Xn-u . . . , -M - Ai). 
From Theorem 16.11 we see the following duality: 

Indeed, this follows by expanding ni<i<M ni<j<Ar y .+l.+u ways. Theorem 13.31 is 

immediate from this. 

Remark. As in the previous section, the conclusion of Theorem 16.11 holds even if is 
not of binomial type. Namely it holds if is a monic polynomial of degree n. Similarly 
the conclusion of Theorem 16.21 also holds if p„(x) and p* (x) are monic polynomials of 
degree n satisfying 

= Y.^-fPk{x)f_,_,{y) = J2{-)'pl{x)p-i-k{y). 

" k>0 k>0 
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as a generalization of the following well-known 



Remark. We can regard Theorem 
relation (the Cauchy identity): 



n 



1 



1 - XiHj 



l<i<M,l<i<N 

Proof of Theorem \6.1i By f l2.ll) we have 

A{y)A{x)- Y[ n -a^i) = A(?/i,...,?/7v,a;i,...,XM) 

l<i<N l<j<M 

fPM+N-l{yi) ••• PM+N-liVN) PM+N~i{xi) 

PM+N-2{yi) ••• PM+N-2{yN) Pm+N-2{xi) 

det 



Pm+n-i{xm)\ 
Pm+n-2{xm) 

Po{xm) J 



\ Poivi) ■■■ PoiVN) Poixi) 
Applying the Laplace expansion to the first columns, we see that this is equal to 
12\i~y^^^>^i^)^X'iiy)- Indeed we have 

{\i + M - i\l < i < M} U {\] + N - j \1 < j < N} = {0,1, . . . , M + N - 1} 

(recall (1.7) in [MlJ). This means the first equality. The second equality is similarly 
shown by replacing pk by p^. □ 

To prove Theorem 16. 2[ we use the following well-known relation (the left hand side is 
known as the Cauchy determinant): 

Lemma 6.3. When M = N, we have 

1 \ A{x)A{y) 



det 



Xi + yj 



Hi 



This relation is generalized as follows (this can be proved by induction): 
Lemma 6.4. When N > M, we have 

fpN_M_l{yi) P*N.M-liy2) ■■■ P*N-M-liyN)\ 



det 



p*i{yi) 

PoiVi) 



xi+yi 



\ XM+yi 



p*iiy2) 
Poiy2) 



3:1+2/2 

x2+y2 



1 

XM+y2 



pliyN) 
pliyN) 



x2+yN 



A{x)A{y) 



ni<j<Af, i<j<Af(^* + Vj) 



XM+yN / 



Proof of Theorem \6.2\ {the case of M = N). Using the Cauchy-Binet formula (Proposi- 
tion [32]), we have 



det 



1 



Xi + yj / i<ij<N 

-fpk{xi)p*_^_j,{yj) 



det 

\fc>0 
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= det{{-)'''PkXxj))i<ij<Ndet{p*_^_^^{yj))i<ij<N 

0<fci<--<fejv 

= Yl (-)''^'"^'^det(pfe,(x,))i<ij<^det(p*_i_,^(y,))i<,,,<;v 

0<fei<---<fcjv 

Here, the first determinant on the right hand side is equal to 

det{px,+N-i{xj))i<i,j<N = sx{x), 

where we define A, by 

kN = Xi + N-l, kN-i = X2 + N -2, ki = XN + 0. 

On the other hand, the second determinant is equal to 

det(pli_jv-A.+i(%))i<i,i<^ = S*xtiy)- 

Thus we have 



det 



E(-)'"^~A(x)S*,(y), 



and the assertion is immediate by dividing this by A(x)A(?/). 



□ 



Proof of Theorem \6.2\ {the case of N > M). Let us denote by A the matrix on the left 
hand side of Lemma 16.41 This can be expressed as 



A 



( P*N.M -liVl) 

PoiVi) 

Y.A-fpk{xi)pU-k{yi) 



P*N-M-l{yN) \ 



BC 



\Y.ki-fpk{xM)pU-k{yi) ■ ■ ■ Y.ki-fpk{xM)pU-k{yN)J 

with the N X (yo matrix B and the oo x N matrix C defined by 



B 



/I ... 











■ \ 


... 


1 










... 





(-)%(xl) 


{-Ypiixi) . 




Vo ... 


( 


-fPQ{xM) 


i-YPlixM) ■ 


■ I 


fP*N-M- 




■ ■ ■ P*N-M- 


-iiyN)\ 




Pn-m- 


-2(1/1) 


■ ■ ■ Pn-m- 


-2hjN) . 





c 



Applying the Cauchy-Binet formula (Proposition 13.21) to this relation A = BC, we have 



det A = det BC = ^ det 

l<ji<---<i]V 



,N),(ii,-,iN) det C'(i,,...,i^),(i,...,Ar). 
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Note that det -B(i^...^Ar)^(j^_...^j^) = 0, unless (ii, . . . , in-m) — ■ ■ ■ : ^ — M). Thus we have 



/I 



det ^ = ^ det 

0<fcl<---<fcM 























... 1 

... H'^'Pk.ixi) ... H'^PkA^i) 



Vo ... H'^'Pk.ixM) 

{yN)\ 



det 



PoiVi) 

p-i-kM) 



P-l-k.iVN) 

PU-kMiV^)) 



XPU-kM^Ji) ■■ 

The first determinant is equal to 

[-f^PkA^i] ■■■ i-f^PkMi^i) 



det 



?'Pk,{xM) ... {-f^'PkMixM)^ 

/PkiiXl) ... PfeM(^l) 

_)fei+-+feM det : : 

\pki{xM) ... PkMi^M)/ 

'PkM^^i) ■■■ Pkiixi) 



Af (M-l) 



(_)fci+-+fcM(_)— ^det _ 

^kMi^M) ... PkiixAl)^ 
/ PX,+M-l{Xl) ... PXm{Xi) 

= det : : 

\pxi+m-i{xm) ... PXm{^m)/ 
= (-)'"5a(x). 
Here we define Ai, . . . , Am by 

A:m = Ai + M-1, /cm-i = A2 + M - 2, /ci = Am + 0. 

The second determinant in the formula for det A is equal to 



det 



Here we put 



Xl^-M- Am, A^ = -M - a 



M-l, 



, A*, = -M - Ai. 
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Thus we have 



detA = ^(-)l^l5,(x)5*t(i/). 



This yields our assertion. □ 
The proof in the case < M is almost the same, so we omit it. 

7. Capelli type elements 

Our Schur type functions are useful to express the eigenvalues of Capelli type central 
elements of the universal enveloping algebras of the classical Lie algebras. Before stating 
this, we recall these Capelli type elements in this section. 

These central elements have been investigated in the study of Capelli type identities. 
See |HU] . |MN] . jO] . [Ul-5], [lU], and [11-6] for the Capelli identity and its generalizations. 

7.1. First, we recall the Capelli elements, famous central elements of the universal en- 
veloping algebra f/(g[^) of the general linear Lie algebra g[^. Let Eij be the standard 
basis of gl^, and consider the matrix E = {Eij)i<ij<N in Mat n{U{qIj^)). Then the 
following determinant is known as the Capelli element ( [Cal] , [HU] , [Ul] ): 

C^^N(^u^ =det(E-Ml + diagt]jv). 

Here 1 is the unit matrix, and \\n is the sequence \\n = {N — 1, N — 2, ... ,0) of length A^. 
Moreover "det" means a non-commutative determinant called the column- determinant. 
Namely, for a square matrix Z = {Zij) whose entries are non- commutative, we put 

detZ= ^ sgn(a-)Z<^(i)iZ^(2)2 • ■ ■ ^f7(Ar)7v- 

The Capelli element C^^'^{u) is known to be central in [/(gt^y)- 
This is generalized to the sums of minors 

(7.1) Cf'^iu) = Yl - "1 + di^g 

l<ii<--<ik<N 

Here we put Zj = (2'j^iji<a,6<fc for / = (ii, . . . , i^) and Z = (Zij). We call this the Capelli 
element of degree k. 

Moreover we can consider the following analogue using the permanent [N\ : 

(7.2) Dt^{u)= Yl ^peT{Ej + ulj-lidmg^k)- 

l<ii<-<ik<N 

Here "per" means the column-permanent. Namely, for a square matrix Z = (Zij) of size 
N, we put 

per Z = ^ ^ct(1)1 • ■ ■ ^CT(Ar)7V- 

Here we put /! = mi! ■ ■ ■ m^l, where mi, ... , niN are the multiplicities of I = {ii, . . . ,ik): 

mi m2 n^N 

I = (Zi, . . . , 2fc) = (C^,C^, • • • , aT^). 

Since / has some multiplicities in general, Zj = {Zi^iji<a,b<k is not a submatrix of Z 
necessarily. 
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The elements ^ (m) and ^ (u) are also central in the universal enveloping algebra 
(actually these are generators of the center of the universal enveloping algebra; see [HUj , 
[M], [N], [UT] for the details). 

Theorem 7.1. For any u G C, Cf^(M) and Df"" (u) are central in U{glj^). 

These central elements act on the irreducible representations as scalar operators by 
Schur's lemma. These values (the eigenvalues) can be calculated by noting the following 
triangular decomposition: 

qIn = n" © [) ©n+. 

Here n~, f), and n"*" are the subalgebras of gljy spanned by the elements F^j^ such that 
i > j , i = j , and i < j, respectively. Namely, the entries in the lower triangular part, in 
the diagonal part, and in the upper triangular part of the matrix £^s'jv belong to n~, f), 
and n"^, respectively. 

For example, we can calculate the eigenvalue of C^'^ (u) as follows. Let vr be the irre- 
ducible representation determined by the partition (Ai, . . . , Xn), and consider the action 
of C^'^ (m) to the highest weight vector v. 

n{C^'^{u))v= J2 sgn(a)7r(E,(i)i(-M + iV-l))---7r(E,(^)^(-M + 0))t;. 

o-eSjv 

Then, among these A^! terms, there remains only one term corresponding to a = ( i 2 ' )' 
and the other A^! — 1 terms all vanish, because 'K{Eij)v = for i < j and 7T{Eii)v = Xiv. 
Thus we have 

tt{C^^^{u))v = Ti{E^i{~u + N ~1))---t:{Enn{~u + Q))v 
= (Ai - M + iV - 1) ■ • ■ (A^ - M + Q)v. 

and we see that C^'^(m) acts as multiphcation by the scalar (Ai— m + A^ — 1) ■ ■ ■ (Aat — m + 0) 

on TT. 

We can write down the eigenvalue of Cf'^ (u) similarly by considering the action to the 
highest weight vector v of each column-determinant on the right hand side of (17. ip . Indeed, 
also in this case, only one term remains of the k\ terms in each column-determinant. 

The calculation of the eigenvalue of Df'^{u) is essentially same (but a bit more com- 
plicated). For this, we consider the action of each column-permanent on the right hand 
side of (17. 2p to v. Then, of the k\ terms in each column-permanent, there remain only /! 
terms corresponding to a such that ia(a) = ia for a = 1, k, and these J! terms are all 
equal to a scalar multiple of v. 

In this way, we can write down the eigenvalues of Cf'^{u) and Df^{u). However the 
results are not so simple. As seen in Section [H] below, these eigenvalues are actually 
expressed by using the factorial (shifted) Schur functions. 

Remark. We note some previous results: 

(1) We can also express the elements C^'^(m) and Dl^^{u) in terms of the "symmetrized 
determinant" and the "symmetrized permanents" ( |IUj . [11-6]). From these expressions, 
we can easily see the centrality of these elements. 

(2) In [O], Okounkov introduced a class of central elements of U (qIn), and called them the 
quantum immanants. These elements indexed by partitions /i are expressed in terms 
of a determinant type function called immanant, and form a basis of the center of U{q[j^) 
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as a vector. The central elements C^'^(O) and Df^{0) can be regarded as the cases of 
/i = (l'') and = (k): 

(7.3) Cf-(0)= V> I^^(O) =§(,.). 

Okounkov also gave a generalization of the Capelli identity (called higher Capelli identi- 
ties) for the quantum immanants. In Section [8], we will see the eigenvalues of the quantum 
immanants together with those of Cf^{u) and Df'^ {u). 

7.2. Next, we recall analogues of the Capelli elements in the universal enveloping algebras 
of the orthogonal Lie algebras given in [W] . 

Let S e Mat AT (C) be a non-singular symmetric matrix of size N. We can realize the 
orthogonal Lie group as the isometry group with respect to the bilinear form determined 
by S: 

0{S) = {geGLN\'gSg = S}. 
The corresponding Lie algebra is expressed as 

o{S) = {Z e glj^ I 'ZS + SZ = 0}. 

As generators of this o{S), we can take F°^^^^ = Eij — S^^EjiS, where Eij is the standard 
basis of glj^f. We introduce the N x N matrix F°^^^ whose (i, j)th entry is this generator: 
= {F°j^^)i<ij<N. We regard this matrix as an element of Mativ(f/(o(S'))). 
In particular, in the case of 5* = 5*0 = (5i,Ar+i-j), the corresponding orthogonal Lie 
algebra is expressed as follows: 

o{So) = {Z = {Zij) G Qij^ I Zij + ZN+l-j,N+l-i = 0}. 

We call this the split realization of the orthogonal Lie algebra. In this case, we can take 
the following triangular decomposition: 

0(5*0) = n" © [) © n+. 

Here n~, f), and n"*" are the subalgebras of 0(5*0) spanned by the elements F°j^°'^ such that 
i > j , i = j , and i < j, respectively. Namely, the entries in the lower triangular part, in 
the diagonal part, and in the upper triangular part of the matrix belong to n~, f), 
and n"*", respectively. Thus, if there is a central element of U{o{So)) which is expressed as 
the column-determinant of F°^^''\ we can easily calculate its eigenvalue in a way similar 
to the case of C^'^(u). In fact, the following central element was given by Wachi [W]: 

Theorem 7.2 (Wachi). For any m G C, the following element is central in U{o{Sq)): 

C°^{u) = det(F''(^«) - Ml + diag^w). 

Here \\n is the following sequence of length N: 

h ^ /(f -l,f -2,...,0,0,...,-f + 1), N: even, 

\(f -l,f -2,...,i,0,-i,...,-f + 1), N:odd. 

This can be generalized as follows: 

Theorem 7.3 (Wachi). For any m G C, the following element is central in f/(o(5'o)): 

Cl-{u) = Yl det(F;(^») -ul + diag(| - 1, | - 2, ... , -|)). 

l<il<---<ik<N 
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Here F°^^°^ is defined by 



po{So) 



^"(^0) + diag(0, . . . , 0, 1, . . . , 1), N: even, 

F°iSo) + diag(0, . . . , 0, i, 1, . . . , 1), N: odd. 

Here the numbers of 's and 1 's are equal to [A^/2]. 

In Section [HI we will express the eigenvalues of these central elements in terms of the 
Schur type functions associated with the central difference. 

7.3. Similarly, we can construct central elements in the universal enveloping algebra of 
the symplectic Lie algebra. However, these are expressed in terms of permanents (not in 
terms of determinants). 

Let J G Mativ(C) be a non-singular alternating matrix of size A^. We can realize the 
symplectic Lie group as the isometry group with respect to the bilinear form determined 
by J: 

SpiJ) = {geGL^\'gJg = J}. 
The corresponding Lie algebra is expressed as 

sp{J) = {Z e glj^ I 'ZJ + JZ = 0}. 

As generators of this sp( J), we can take F^J'^'^^ = Eij — J^^EjiJ, where Eij is the standard 
basis of g[^. We introduce the N x N matrix F^p^-') whose (i, j)th entry is this generator: 
^sp(^) = (i^7^'^^)i<ij<iv. We regard this matrix as an element of Mat n{U{sp (J))). 

We consider the split realization of the symplectic Lie algebra. Namely we consider the 
case of 

/ ^\ 



J=Jo 



1 

-1 



V-r' / 

In this case, we can take the following triangular decomposition: 

$p{Jo) = © ©n+. 

Here n~, f), and n"*" are the subalgebras of sp(Jo) spanned by the elements F^j'^'''°^ such 
that i > j , i = j , and i < j, respectively. Namely, the entries in the lower triangular part, 
in the diagonal part, and in the upper triangular part of the matrix E^^^ belong to n~, 
f), and n"'", respectively. In this case, we can construct central elements of the universal 
enveloping algebra using the column-permanent [K] : 

Theorem 7.4 (Itoh). For any u E C, the following element is central in U{sp{Jo)): 
Dl'Hn) = E 7! Per(^f + ulj - Ij diag(| - 1, | - 2, . . . , -|)). 

l<ii<---<ifc<Af 

Here we put 

pBp(Jo) ^ pBpiJo) _ diag{0, . . . , 0, 1, . . . , 1), 

where the numbers of 's and 1 's are equal to N/2. 

We can easily calculate the eigenvalue of this central element noting the triangular 
decomposition of sp( Jq) and the definition of the column-permanent. In Section[8], we will 
express them in terms of the Schur type functions associated with the central difference. 
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Remark. We note some previous results: 

(1) We can also express C^^(O) and D^f!'^{0) in terms of the symmetrized determinant 
and the symmetrized permanent ([W], [15], [K]). Capelli type identities in terms of these 
symmetrized determinant and permanent are also given in [13] and [l4] . 

(2) Analogues of the quantum immanants in f/(o^r) and U{spj^) are studied in |002j . We 
will see in Section [8] that these can be regarded generahzation of 6^(0) and I^f ^(0). 

8. The eigenvalues of Capelli type elements 

Finally we consider concrete examples of Schur type functions associated with some 
differences. When Q is the forward difference, the associated Schur type functions are 
equal to the factorial Schur functions. By the shift of variables, these are transformed 
into the shifted Schur functions, and these are useful to express the eigenvalues of some 
central elements of the universal enveloping algebra of the general linear Lie algebra. 
When Q is the central difference, the associated Schur functions are useful to express the 
eigenvalues of the central elements of the universal enveloping algebras of the orthogonal 
and symplectic Lie algebras listed in the previous section. 

8.1. Let us consider the case that Q is equal to the forward difference A"*". In this 
case, p^~^ (x) and p^^^ (x) are expressed as p^^{x) = x- and p^^~^ (x) = {x — 1)-. The 
corresponding symmetric functions e^^ and h'^^ are explicitly expressed as follows (e^^^ 
and hl^~^ are also given by considering the shift of variables). This expression is essentially 
equivalent with Corollary 11.3 in [OOlj . 

Theorem 8.1. We have 

e^^{xi, ...,xn) 

Yl {xi,-N + k-l + ti){xi,-N + k-2 + i2)---{x,^-N + ik), 

l<ii<-<ik<N 
(Xi, . . . , Xn) 

{xi^-N -k + l + ii){xi^-N -k + 2 + i2)---{xi^-N + 

l<ii<-<ik<N 

Proof. The first relation is obtained from the relation 

e^ixi — u, . . . , X N — u) = {xi — u) ■ ■ ■ {xn — u). 

It suffices to apply repeatedly and use the Leibnitz rule for the forward difference: 
/S.'^{f{x)g{x)) = f{x)g{x + 1) + f{x)A~^g{x). The second relation is deduced by 
induction on (use Theorems 15.21 and 15.31) . □ 

Using these symmetric functions, we can describe the eigenvalues of Cf'^{u) and Df'^{u) 
defined in the previous section as follows: 

Theorem 8.2. For the representation Trf'^ of determined by the partition A = 
(Ai, . . . , Aat), we have 

7r^(C^H) = efih, ...J^; «), 7r^(Z},«'-H) = hfih, . . . , u). 

Here we put k = \i + N — i. 
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We can deduce this by the procedure outhned in Section [7] using the triangular decom- 
position of the general linear Lie algebra and the definitions of the column-determinant 
and the column-permanent. 

Theorem 18.21 is essentially included in the following description of the eigenvalues of the 
quantum immanants in terms of the factorial (shifted) Schur functions due to jOOlj : 



71 



X ■ X- 



n—1 



and p*"^" (x) = X-. Moreover 



Indeed, when m = 0, Theorem 18.21 is a special case of this relation as seen from (17.31) . 
Moreover, the case of m 7^ can be also deduced from this by considering the algebra 
automorphisms Eij i— > Eij + u5ij and Eij y-^ Eij — u6ij on U{qIj^). 

8.2. Next, let us consider the case of the central difference (namely Q = A°). In this 
case, (x) and (x) are expressed as (x) 
and hl^° are expressed as follows: 

Theorem 8.3. We have 

J2 (a^n -f + |-l + 2i)(Xi, - 

l<il<---<ifc<A^ 

J2 (a;n + f - I + 1 -«i)(xi2 + 



Cfc (Xi, 



N , k 
2 2 



2 + ^2) 



X 



N 
2 



1+2-^2) 



(x- + ^ + ^ 



Ik) 



4), 



l<ii<--<ih<N 



hi (xi,...,XAr) 

= E 

<■■■< 

= E 



X,; 



l<ix<-<ik<N 



f-|+^l)(Xi,-f -1 + 1 + 22) 

^l){x,, + ^ + \-l-^2) 



\x 



TV I 
2 ~'~ 2 



X, 



TV I fe 
2 ~'~ 2 



+ ^ - ^ + 1 



l + ik) 



Ik)- 



l<ii<-<ik<N 

The proof of the first relation is almost the same as that of Theomem 18.11 Here, we 
use the Leibnitz rule for the central difference 

AO(/(x)^?(x)) = AV(a;)^7(x + i) + /(x - l)A'gix). 

The second relation is deduced from the second formula in Theomem 18.11 by replacing Xj 
with X- = Xj + Y + |. Indeed, using elementary row operations, we have 

N-l+k iN-l+k /N-l+k 



N-l+k 
1 



X 



X 



TV-2 



TV 

TV-2 
TV 



X 



X 



N 



/TV-2 
Xi 



X 



TV 



X 



/ TV-2 
TV 



/O 



and this means the relation 



x; 



~A+ I I 

■5(fc) 



X 



-'0 

TV 



l5 



5 ^TVJ 



Using these functions ef^° and h]^^ , we can express the eigenvalues of the Capelli type 
central elements of the universal enveloping algebras of the orthogonal and symplectic Lie 
algebras. 



First, we have the following relation for 



On I 
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Theorem 8.4. For the irreducible representation n'^'^ of determined by the partition 
X = (Ai, . . . , A[.„]), we have 

^T{Cr{u)) = ef{h,...M,u). 

Here we define li, . . . ,1^ as follows. First, for 1 < i < n, we put U = Xi + n — i {that is, 
we consider the p-shift). Next, we put In+i = —In, ■ ■ ■ Jn = — when N is even, and we 
put 1^] = 0, /„t+i = —Int-i, ■ ■ ■ Jn = —h with = when N is odd. 

Similarly we have the following relation for D^^^ (u): 

Theorem 8.5. For the irreducible representation tt^^^ ofsp^y determined by the partition 
X = (Ai, . . . , A„), we have 

nl'-{Dl'-{u)) = hf\h,...jN;u). 

Here U is dehned as follows: we put li = Xi + n + l — i for 1 < i < n [that is, we consider 
the p-shift), and put In+i = —In, ■ ■ ■ ,^n = —h for n + 1 < i < N . 

Remark. Factorial powers and differences were key tools in the study of Capelli type 
elements, and various relations for them have been given ([11-6], [lUj . and [Ul-5]). The 
formulas in Sections H] and of this article can be regarded as natural generalizations of 
these relations. 

8.3. The functions and hl^° are related with analogues of the shifted Schur functions 
due to Okounkov and Olshanski. Moreover, from these relations and the calculation of 
the eigenvalues in Theorems 18.41 and 18.51 we see that C^^(O) and D^f^'^^O) are equal to 
special cases of analogues of the quantum immanants. Let us see these relations. 

In |002j . Okounkov and Olshanski introduced analogues of the quantum immanants 
in the universal enveloping algebras of the simple Lie algebras of types B, C, and D, and 
denoted these elements by T^. Let us write these as T^, T'^, and T^, when we need to 
indicate the type of the Lie algebra. Noting that the eigenvalues of these central elements 
are polynomials in . . . , Okounkov and Olshanski also defined a class of functions t* 
corresponding to the types B, C, and D by the relation 

(8.1) n^iT,)=t;{X,,...,Xn), 

where tta is the irreducible representation of the Lie algebra determined by the partition 
A. We can regard t* as an analogue of the shifted Schur functions, and this is expressed 
as follows (Lemma-Definition 2.4 in |002] ): 





■ ■ , Xn) 


= s^((Ai + n- 


l)MX2 + n- 


l)^...,(A.+ir|(i)^(l)^(l)^ 




■ ■ , Xn) 


= s^((Ai 


(A2 + n-l)2, 


...,(A„+l)2|l^2^3^...), 




■ ■ , Xn) 


= s^((Ai +n~ 


l)2,(A2 + n- 


2)2,..., (A„ + 0)2 102,1^,22,...). 



Here, the superscripts B, C, and D indicate the type of the corresponding Lie algebra. 
Moreover, the right hand sides are the "generalized factorial Schur functions" (see |002j 
for the definition). 
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The connection between these functions and e^°, e^^°, h*jf^° is seen from the 

following relations: 



efc ill, 




Inj • • 






• 1 ''n 


|02,l2,... 




■ ■ ■ ilni 


Ini • ■ 












• jlnj^j 


In J • • 






• 1 '•n 


|l^2^... 




. . . , /jj, 


In J • • 






1 


l^2^...) 






Inj • • 






/2 1 





These relations themselves follow from Theorems I5.1H5.3I The left hand sides of the 
second and fourth equalities are also equal to 

Cfc (^1; • • • ; ^n; 0, — /„, . . . , — /l), /ifc (/i, . . . , 0, — • • • ) 

respectively (recall Proposition 12. 3p . 

From these relations, we can rewrite Theorem 18.41 in the case of m = as 

"(0)) = . . . , AO, ^r"+^(c^r"+^(o)) = tff.)(Ai, . . . , A„). 

Similarly, Theorem 18.51 in the case of -u = can be rewritten as 

^f"Pr"(0))=t(§(Ai,...,AO. 
Combining these with (18.11) . we have the following theorem: 
Theorem 8.6. We have 

C^r"(0) = T{^.), Cr-(O) = Tf,.), Dl'-iO) = Tg). 
Indeed, the eigenvalues of both sides are equal. 

This theorem means that we can express T^j,^, T^^^, and Tg^ in terms of the column- 
determinant and the column-permanent. However, an explicit descripsion of in terms 
of a certain noncommutative determinant type function is not given for general /x. Thus 
the three elements in Theorem 18.61 are lucky exceptions. In [MN] , these three elements 
are studied in more detail, and Capelli type identities for the dual pair {Om,Spn) are 
given. 

In Theorems 18 . 41 and 18.51 we expressed the eigenvalues of C^^(u) and D^^^ {u) naturally 
in terms of the functions e^" and h^^^ for general u. This is an advantage of these functions 
over the function t*. Indeed, we cannot describe these eigenvalues in terms of t*^, t**", 
and t*^ so simply. However, it should be noted that, even if m 7^ 0, we can express the 
eigenvalue of C^^(u) as a linear combination of i*/?), • • • , t*^^k) or t*^^^, t*^^, . . . , t*^^^ 
using Theorem 14.11 Similarly, the eigenvalue of D^^^ [u) can be expressed as a linear 
combination of t^^, . . . , by using Theorem 14.21 

In the various relations in this article, there was a mysterious duality in the exchanges 
s ^ s* and A ^ A'. It is also mysterious that the functions e and h* played more 
important roles than e* and h (note that we can rewrite Theorem 18.21 in terms of h* 
replacing m by m — 1). This puzzling phenomenon seems to be related to the following 
fact: central elements in U{on) (respectively, U{spj^)) expressed in terms of the column- 
permanent (respectively, the column-determinant) are not known. The author hopes 
that the theoretical background of these phenomena will become transparent, and the 
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MINORU ITOH 



Schur type functions in this article will be useful to study the analogues of the quantum 
immanants in U{on) and U{spf^) (especially to give their explicit description). 
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